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Abstract
During the last few years of his life, Ramanujan had adamantly tried to invert
the modular invariant. Subsequent efforts failed until May 30, 2011 when an explicit
closed formula for an inverse was presented at the CCRAS (Moscow, Russia). This
very formula, along with some special values of the modular invariant, is given in this
paper.
In a previous paper [1], a justification for defining an essential elliptic function was made.
Yet, enabling an inversion of the modular invariant is, perhaps, even more convincing. We
shall not elaborate upon describing previous attempts for inverting the modular invariant
aside from mentioning two typical references [2, 3]. The first reference provides a glimpse
upon Ramanujan latest efforts, whereas the appendix of the second concludes with a well-
known expression for a point τ in the fundamental domain as a ratio of hypergeometric
functions, thereby linking τ with an intermediate variable λ. Formula (3.3), in the same
paper, yields the modular invariant j as a (well-known) fractional transformation of λ, of
degree 6. We point out this transformation so as to suggest that verifying a formula for an
inverse of the modular invariant is as straightforward as verifying a root of a given hexic.
An inversion of the modular invariant is afforded via successively composing the functions
k0(x) =
iG
(√
1− x2
)
G(x)
, k1(x) =
√
x+ 4−
√
x
2
, k2(x) =
3
2
(
x
k3(x)
+ k3(x)
)
− 1,
where
k3(x) =
3
√√
x2 − x3 − x
and G(x) is the arithmetic-geometric mean of 1 and x. In other words, the function
k = k0 ◦ k1 ◦ k2
is an inverse of the modular invariant, which (we need not point out) is not single-valued.
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An ascending sequence of special values of the modular invariant
on the boundary of the fundamental domain and the imaginary axis
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The fundamental domain with some points,
at which the value of the modualr invariant is calculated, being marked
